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Then log Mipt, /3) is a convex function of the point (a, /3) in the triangle
(1) Oiagl, 0^/3^1, a+ 0^1.
The above result is due to M. Riesz. 1 In a recent paper it was shown by Thorin 2 that the theorem is restricted neither to bilinear forms nor to the triangle (1). Thorin's result is as follows. Owing to the importance of the theorem (even in the special case of M. Riesz), any simplification of its proof may be of interest. The proof given below seems to be slightly simpler than the original one of Thorin, and is based on the following elementary principle.
(a) A necessary and sufficient condition that a real valued function <t>(t) be convex in an interval (a, b) is that, for any subinterval (a f , b') and any real number jx, the maximum of the function <t>(t)+fit in (a', b') be attained at least at one of the end points a', b'.

Its proof is immediate. If <j>(t) is convex, so is <i>\(t) -<l>(t)+ixL
Since no point of the arc y =0i(O> a'^t^b', lies above the chord joining its end points, the maximum of <JÊ>I(*) 
The necessity of the condition follows from (a). So does the sufficiency, if <f>(t) is strictly positive. It is, however, easy to show that if <j>(t) is non-negative, satisfies the condition of (b), and vanishes at a point t 0 of (a, b) t then <j>(t) vanishes identically inside {a, b). For if 4>(t)
were positive at a point h which lies, for example, to the right of t 0t so that *o</i<&, and if h<t 2 <b, then 0(O« M(l~'l) is 0 at t 0 , is <Kh) at h, and is very small at h, if /x is negative and large enough. Hence the maximum of 0(O«" Let us assume, contrary to this, that for some fx such a maximum does exist. By a change of variable we may adjust it so that the maximum is attained for / = 0. Then for all real /'s sufficiently small in absolute value, and for all real Vs. We assert that (3) holds for all complex t's of sufficiently small modulus. This follows immediately, for if we replace t by t+iv in (3), the only effect will be to change the Vs. It follows in particular that the modulus of the entire function (in t)
attains a proper maximum at * = 0, which contradicts the principle of the maximum for analytic functions. Hence part (ii) of the theorem is proved. As Thorin himself points out, part (i) of the theorem is an immediate consequence of part (ii). 
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